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Accelerated horizons and Planck-scale kinematics
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We extend the concept of accelerated horizons to the framework of deformed relativistic kinematics
at the Planck scale. We show that the non-trivial effects due to symmetry deformation manifest in
a finite blueshift for field modes as measured by a Rindler observer approaching the horizon. We
investigate whether, at a field theoretic level, this effect could manifest in the possibility of a finite
horizon contribution to the entropy, a sort of covariant brick-wall. In the specific model of symmetry
deformation considered it will turn out that a non-diverging density of modes close to the horizon
can be achieved only by introducing a momentum space measure which violates Lorentz invariance.
1. INTRODUCTION
One of the outstanding puzzles in the search for a
theory of quantum gravity concerns the fate of informa-
tion when a black hole undergoes quantum radiance [1].
Loosely speaking the information on matter and radia-
tion fallen behind the black hole horizon contributes to
the entropy budget of the black hole according to the
generalized second law of thermodynamics [2]. It was
indeed an argument relying on the information carried
by a particle falling into a black hole and quantum un-
certainty which led Bekenstein to propose the celebrated
relationship between horizon area and entropy [3]. The
Bekenstein-Hawking entropy-area law
S =
A
4L2p
, (1)
with Lp =
√
~G
c3 ∼ 10−35m the Planck length, has been
derived to date in various approaches to quantum grav-
ity (see [4] for a comprehensive list) but a definite un-
derstanding of the nature of the entropy in (1) remains
elusive.
An illuminating derivation of the entropy-area law as
thermodynamic entropy of a field in the presence of a
black hole horizon is due to ’t Hooft [5]. This result re-
lies on field mode counting which leads to a divergent
density of states at the horizon. In order to have a finite
result a regulator in terms of Dirichlet boundary condi-
tions on the field at finite distance from the horizon has
to be imposed, effectively creating a “brick wall”. The
regulated entropy scales as the area of the wall, unlike the
entropy of a field in Minkowski space which is extensive
and scales as the volume of the box in which the field is
contained. One can then tune the distance of the wall
from the horizon and reproduce exactly the Bekenstein-
Hawking relation (1). A common view is that such brick
wall regularization is a mathematical tool which mod-
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els unknown Planckian physics features near the horizon
which effectively provide a UV cut-off for the modes of
the field. Since close enough to the horizon the space
looks locally flat, to a static observer in this limit the
black hole horizon will become indistinguishable from a
Rindler horizon. Indeed a calculation of the number of
modes of a field near a Rindler horizon [6, 7] shows the
same type of divergence. It is thus reasonable to expect
that the same type of Planckian physics which renders
the brick-wall entropy finite should also lead to a finite
entropy density for a field, in flat space, in the presence
of a Rindler horizon.
The existence of an entropy associated to the Rindler
horizons is also the key ingredient in Jacobson’s deriva-
tion of Einstein’s equation as an equation of state [8].
This suggestive result, besides a finite entropy density
associated to the horizon, relies on the assumption of a lo-
cal Unruh temperature TU and the validity of an entropy
balance relation δS = δE/TU where δE is the energy
flow across the horizon. Whether the entropy density one
associates with the Rindler horizon is due to quantum
correlations or it is thermodynamic in nature its value in
ordinary quantum field theory is divergent. In agreement
with the picture discussed above, it is expected that the
regulator which renders finite the horizon entropy den-
sity is provided by quantum properties of space-time at
the Planck scale (see e.g. [9–11]).
In this work we explore the possibility that Planck
scale effects, modelled by a Hopf algebra deformation of
the symmetries of Rindler space, could naturally pro-
vide the needed mode cut-off at the horizon and, even-
tually, lead to a finite entropy density associated to a
Rindler horizon. In the next Section we start by char-
acterizing Rindler modes and horizon in terms the ac-
tion of symmetries generated by the Weyl-Poincare´ al-
gebra. This will prepare the ground for a derivation of
the same concepts in the context of a quantum deforma-
tion of the Weyl-Poincare´ algebra. In Section 3 we recall
how mode counting in Rindler space leads to an area law
for the thermodynamic entropy of a field once the di-
vergent contribution from the horizon is regulated by a
“brick wall”. In Section 4 we introduce a deformation
2of the Weyl-Poincare´ algebra based on a mathematical
procedure know as “twist”. From the deformed commu-
tators between translation, boosts and dilation genera-
tors we derive finite dilation and boosts transformations
for four-momenta. We will use these transformations to
define deformed Rindler translation generators and the
blueshift of Rindler modes near the horizon, obtaining a
Planckian upper bound to the frequency of these modes.
In Section 5 we perform field mode counting in the de-
formed Rindler setting. We show that the density of
states of the deformed field depends dramatically on the
choice of integration measure in momentum space. Us-
ing an ordinary measure, and thus breaking the deformed
Lorentz symmetry, we obtain a finite density of states
while adopting a covariant, deformed, measure leads to a
divergent density of states as in ordinary Rindler space.
The last Section is devoted to a discussion of the results
presented and to a brief outlook of further developments.
2. ACCELERATED HORIZONS AND THE
WEYL-POINCARE´ GROUP
Static observers in Minkowski space are observers
whose four-velocities are identical to the time-translation
Killing vector. A photon emitted with frequency ω by a
static observer will be detected by another static observer
with the same frequency. An inertial observer boosted in
a given direction by a parameter φ will measure the fre-
quency of the same photon redshifted by a factor e−φ:
ω′ = e−φω. Since coshφ = γ = 1√
1−β2
and sinhφ = γβ
this statement amounts to the familiar redshift formula
for the frequency of a photon as measured by an observer
moving with velocity β
ω′ =
√
1− β
1 + β
ω . (2)
The fact that the time flow along an accelerated tra-
jectory in Minkowski space can be parametrized by the
rapidity of a boost transformation is well known. An
observer moving along such trajectory will see a photon
emitted by a static Minkowski observer continuously red-
shifted by a factor e−ατ where τ is her proper time and
α a constant with dimensions of inverse length in natural
units. Accordingly the four velocity along such trajec-
tory can be written as an inverse1 boost of the static
four-velocity Uµ = (1, 0, 0, 0) by the same dimensionless
parameter ατ
Uµ = (coshατ, sinhατ, 0, 0) . (3)
1 Recall that if pµ is the four-momentum measured by a given
observer pµUµ is a conserved quantity and thus if pµ is boosted
Uµ is anti-boosted.
Taking the proper time derivative of such four velocity
one can immediately see that α is the magnitude of the
four-acceleration of the observer.
Focusing for simplicity on the case of 1 + 1 dimen-
sions, we see, integrating (3), that the worldline of the
accelerated observer can be parametrized in Minkowski
coordinates by t(τ) and x(τ) obeying the relation
− t(τ)2 + x(τ)2 = 1
α2
, (4)
describing a two-dimensional hyperbola: the boost orbit
of the vector (0, 1/α). It is evident that a rescaling of
the space-time coordinates t(τ) and x(τ) will move us to
another trajectory corresponding to a different acceler-
ation. Such rescaling can be obtained by acting with a
dilation transformation (t, x) → (t′, x′) = eδ(t, x) gener-
ated by the operator D = −ixµ∂µ. Geometrically the
effect of such dilation is that of moving from a boost or-
bit intersecting the x-axis in 1/α to another intersecting
it at eδ/α. The dilation parameter can be used to define
a spatial coordinate on the Rindler wedge if we rewrite
it in terms of an acceleration a as δ = aξ so that now
t =
1
a
eaξ sinhaη (5)
x =
1
a
eaξ coshaη (6)
and for a given ξ the acceleration along the trajectory
parametrized by η is α = a e−aξ. We see that for ξ →
−∞ the acceleration diverges indicating that the light-
cone acts as a horizon for Rindler observers.
A crucial feature we would like to stress is that trans-
formations generated by the Weyl-Poincare´ group (the
Poincare´ group extended to include a dilation transfor-
mation, in our case generated by D = −i(t∂t + x∂x),
provide enough structure to describe Rindler observers,
redshift and horizons. To do so let us recall that the
Weyl-Poincare´ algebra in 1+1 dimensions is given by the
following commutators[
Pt, Px
]
= 0 ,
[
D,N
]
= 0 (7)[
N,Pt
]
= iPx ,
[
N,Px
]
= iPt (8)[
D,Pt
]
= iPt ,
[
D,Px
]
= iPx . (9)
Notice how this algebra contains two abelian subalgebras
spanned by {Pt, Px} and {D,N}. Thus, besides the usual
representation in terms of derivatives with respect to
space and time coordinates Pt,x = −i∂t,x, we have an
alternative one in terms of Rindler space and time coor-
dinates ξ and η where Rindler space and time translation
generators Pξ = aD and Pη = aN are given by deriva-
tives with respect to ξ and η, respectively:
Pξ = −i∂ξ (10)
Pη = −i∂η (11)
Pt = −ie−aξ(cosh aη ∂η − sinh aη ∂ξ) (12)
Px = −ie−aξ(− sinh aη ∂η + coshaη ∂ξ) . (13)
3Inverting the last two relation, we have
Pη = e
aξ(cosh aη Pt + sinhaη Px) (14)
Pξ = e
aξ(sinh aη Pt + coshaη Px) , (15)
showing that Rindler translation generators (and con-
sequently the associated modes) can be obtained from
the action of the “Weyl-Lorentz” subgroup of the Weyl-
Poincare´ group comprised of dilations and boosts. From
the maps above one can immediately obtain the Fourier
transform of the Rindler wave operator simply express-
ing the usual Casimir of the Poincare´ algebra in terms of
Rindler translation generators
C = −P 20 + P 2x = e−2aξ(−P 2η + P 2ξ ) , (16)
which in terms of eigenvalues of Pη and Pξ translates in
the dispersion relation for Rindler frequency and wave-
number. Notice that the Casimir operator C is not an
invariant of the Poincare´-Weyl group and indeed dilation
transformations change the mass eigenvalue of C thus al-
lowing to jump from one mass-shell to the other. How-
ever, as it is well known, mass-shells of massless particles
are invariant under the full Poincare´-Weyl group.
Static Rindler observers are characterized by a
four-velocity proportional to the four-vector Pµη =
eaξ(coshaη , sinh aη). Such four-velocity can be obtained
by an inverse boost by ατ of the four-momentum of a
Minkowski observer at rest (m, 0) divided by its mass:
Uµ = (coshατ , sinhατ ) (17)
The proper time of an observer with acceleration α will
be given by τ = aαη and her trajectory will be charac-
terized by a fixed ξ = 1a log
a
α as shown in our discussion
above. Thus, for the four-velocity of such an accelerated
observer, we will have
Uµξ = e
−aξPµη . (18)
The conserved energy of a photon with four-momentum
kµ with respect to the Rindler time is Eη = kµP
µ
η while
its frequency measured by the observer with acceleration
α = a e−aξ is given by ωξ = kµU
µ
ξ = e
−aξEη so that
ωξ = e
−aξEη . (19)
The photon’s frequency will appear infinitely blueshifted
when measured at ξ = −∞ in analogy with the frequency
shift of photons for static observers approaching the event
horizon of a Schwarzschild black hole. This reflects the
fact that the region of the Rindler wedge at ξ = −∞ is
a casual horizon for accelerated observers.
What is more interesting for our purposes is that the
same dilation transformation which allows us to define
Rindler translation generators from Minkowski ones is re-
sponsible for the infinite Doppler-shift which ultimately
signals the presence of the horizon. Intuitively this is
easily understood by considering the horizon as the lo-
cus of observers with infinite acceleration. As discussed
above, dilation transformations change the value of ac-
celeration from zero at ξ = ∞, reached by an infinite
dilation, to infinity at the horizon, ξ = −∞, correspond-
ing to an inverse dilatation by an infinite parameter ξ.
In what follows we will characterize the Rindler Doppler
shift in terms of dilation transformations and the accel-
erated horizon in terms of an infinite inverse dilation.
3. AREA-LAW FROM FLAT SPACE-TIME
In 3 + 1-dimensional Minkowski space the number of
modes of a massless scalar field in a box of size L is
calculated starting from imposing the presence of nodes
on the walls of the box, i.e.
ki = Ni
π
L
where i = 1, 2, 3 , Ni = 1, 2, 3, . . . (20)
The infinitesimal volume in the space of wave numbers
is dVk =
4πk2dk
8 , where we have restricted to the positive
octant. The infinitesimal density of states is given by dVk
divided by the constant spacing of modes
(
π
L
)3
:
dn =
L3
2π2
k2dk =
L3
2π2
E2dE, (21)
where we used the trivial dispersion relation for a mass-
less field E = |~k| = k. The density of states is given by
integrating (21) over the energy
n(E) =
L3E3
6π2
. (22)
From the partition function associated to this density of
states one obtains the well known extensive behaviour of
the thermodynamic entropy of the field which scales as
the volume of the box L3. From an holographic perspec-
tive [12] this is a sign that local quantum field theory pos-
sesses too many degrees of freedom and that some kind of
truncation [13] dictated by quantum gravity effects might
produce an entropy scaling as the area of the box, in ac-
cordance with various versions of the holographic entropy
bound [14, 15].
It should be noted however that, even in the absence
of gravity, local quantum field theory exhibits a type
of entropy-area relation, although this relies on the in-
troduction of a UV regulator. This happens in Rindler
space and the derivation [6] is essentially an adaptation
of ’t Hooft brick wall calculation [5] to the case of infinite
black hole mass. Here we show how this result can be ob-
tained already with a simple counting argument similar
to the one given above.
Let us consider first the case of 1+1 dimensional
Rindler space. With a constant wavelength λ we know
that the number of angular cycles over a space interval
∆x is given by
∆φ =
2π∆x
λ
. (23)
4If the wavelength changes over space we can define an
infinitesimal version of the above equation. In par-
ticular for Rindler space the wavenumber is given by
k(ξ) = e−aξk where k is the “comoving” wavenumber
(conserved charge associated to space translations). The
infinitesimal number of angular cycles is thus given by
dφ =
2πdξ
λ(ξ)
= k(ξ)dξ , (24)
from which
φ =
∫ L
ξmin
k(ξ)
√
gξξ dξ =
∫ L
ξmin
k dξ , (25)
where ξmin is a regulator needed to avoid the divergence
at ξ = −∞. This leads to the standing wave condition
∫ L
ξmin
kdξ = Nπ . (26)
The infinitesimal volume in Rindler momentum space is
given by
dV Rk (ξ) = e
−aξdk , (27)
and, in order to derive the number of modes within such
infinitesimal volume, we have to divide it by the volume
of each mode. We want to find a generalization of the
volume π/L = dk/dN occupied by each mode in the
Minkowski case. In our case we note that
dN
dk(ξ)
=
dN
dξ
dξ
dk(ξ)
, (28)
since from (26) dNdξ =
k
π we have that
dN
dk(ξ)
=
k
π
dξ
dk(ξ)
. (29)
The infinitesimal number of modes will be then given by
dn = dV Rk (ξ)
dN
dk(ξ)
=
k
π
dξ . (30)
Generalizing to the 3+1-dimensional case the number of
nodes in the ξ-direction is still given by eq. (26), while
the number of nodes in the orthogonal plane (y, z) is
constant as in Minkowski space:
k⊥ = ki = Ni
π
L
i = y, z , Ni = 1, 2, 3, . . . . (31)
Now, the infinitesimal volume in Rindler momentum
space is given by
dV Rk =
e−aξ 2πk⊥ dk⊥ dk
4
, (32)
and thus the density of states is obtained from (32) di-
vided by the volume occupied by each mode in ξ-direction
(29) and divided by the volume occupied by orthogonal
modes L
2
π2
dn =
L2 k⊥ k
2π2
dk⊥dξ . (33)
Introducing the Rindler dispersion relation E2 = k2 +
e2aξk2
⊥
, and integrating over k⊥ we find
dn =
L2
2π2
dξ
∫ Ee−aξ
0
dk⊥ k⊥
√
E2 − k2
⊥
e2aξ =
=
E3 L2
6π2
e−2aξ dξ . (34)
To obtain the expression for the number of states as in
the Minkowski case we should integrate over the spatial
coordinate ξ. We immediately see that (34) will give an
infinite result and two types of regularization are needed.
One is the usual IR regularization which puts the system
in a box for large ξ, as in Minkowski space. Unlike the
Minkowski case however we have now a new divergent
contribution coming from the modes near the horizon
i.e. when ξ → −∞, and thus we have to introduce a
“brick wall” regulator so that the field has nodes at ξmin
close to the horizon. Thus to get the number of states we
integrate (34) assuming the presence of a brick wall i.e.
the restriction ξ > ξmin and a large box at xmax = R so
that ξ < log aRa ; the density of states is then given by
n(E) =
E3 L2
6π2
∫ log(aR)/a
ξmin
dξ e−2aξ
=
E3 L2
12π2
1
a
[
e−2aξmin − 1
(aR)2
]
. (35)
We can now calculate the entropy associated to this den-
sity of states. Starting from the logarithm of the ther-
modynamical partition function
logQ = β
∫ ∞
0
dE
n(E)
eβE − 1 . (36)
the entropy is derived from the usual relation
S = −β2 ∂
∂β
logQ
β
, (37)
and, using the density of states (35), one obtaines
S =
π2
45
L2
aβ3
[
e−2aξmin − 1
(aR)2
]
. (38)
We see that the UV contribution due to brick wall near
the Rindler horizon
Swall =
π2
45
L2
aβ3
e−2aξmin (39)
scales as an area and the value ξmin can be adjusted
so that, at the Hawking temperature, one has an en-
tropy density σwall = Swall/L
2 = 1/4L2p exactly repro-
ducing the entropy density associated to the Bekenstein-
Hawking area law.
5For our purposes it will be useful to recall that the
above results on state counting for a massless field can
be recast in a covariant version by considering the state
space of a massless relativistic point particle. In this case
the infinitesimal number of states is given
dn =
1
(2π)3
2E dt d3x δ(t) d4p δ(C) θ(E) (40)
where 2E dt d3x δ(t) is the covariant measure in configu-
ration space and d4p δ(C) θ(E) is the covariant measure
on the physical momentum space, i.e. the positive en-
ergy mass-shell determined by the Casimir relation C.
In Minkowski space, integrating over a spatial volume V
and up to an energy E, we have
n(E) =
V
(2π)3
∫
E
d4p 2p0 δ(C) θ(p0) , (41)
which, carrying out the integration over momentum
space, reproduces (22). In Rindler space the integral over
momentum space becomes∫
dpηdpξdp
2
⊥ 2pηe
−3aξ δ(C)θ(pη) (42)
with
C = −e−2aξp2η + e−2aξp2ξ + p2⊥. (43)
so that
n(E) =
V⊥
(2π)3
∫
R
dξ
∫
dpηdpξdp
2
⊥ 2pηe
−2aξ δ(C)θ(pη) .
(44)
This integral can be evaluated and leads to the known
divergent result
n(E) =
V⊥
(2π)3
4π
3
E3
∫ ∞
−∞
dξ e−2aξ , (45)
which, appropriately, regularized gives (35).
In the following Sections we will introduce deforma-
tions of relativistic symmetries characterized by a funda-
mental, observer independent, length scale which affects
the way boosts (and dilations) act on momentum space.
These deformations profoundly alter the structure of mo-
mentum space introducing in a subtle way a UV cut-off.
We will generalize the discussions on state counting above
in order to see whether the presence of such fundamental
scale can provide a natural cut-off in (45) and possibly a
finite entropy density associated to a Rindler horizon.
4. DEFORMED SYMMETRIES: THE TWISTED
WEYL-POINCARE´ ALGEBRA
As mentioned in the Introduction, it is a widely ac-
cepted view that the divergent entropy density we just
derived for Rindler space should be somewhat naturally
regularized when quantum properties of space-time are
taken into account [9–11]. It is thus interesting to look at
possible new features of accelerated horizons which might
be determined by Planck scale physics. Deformations of
relativistic symmetries using quantum group techniques
[16–18] have been widely studied in the past years as pos-
sible candidates for a “flat space-time limit” of quantum
gravity [19]. The role of these deformation is particularly
evident for quantum gravity in 2 + 1-dimensions [20–23]
and it has been speculated that they might be relevant
also in the more realistic 3 + 1 dimensional case [24].
The vast majority of studies in the literature have so
far focused on the deformations of the Poincare´ algebra
[16–18, 25–28]. As we have seen in Section 2, in order to
describe the kinematics of accelerated observers one has
to include dilations in the picture and thus switch the
attention to deformations of the Weyl-Poincare´ algebra2.
These have been recently considered in the literature [32]
in the context of the so-called twist deformations (see also
[33, 34]). Quite interestingly it turns out that the type of
deformation of the Weyl-Poincare´ algebra derived in [32]
reproduces, in the Poincare´ sub-algebra sector, the fea-
tures of a deformation of the Poincare´ algebra obtained
in [35] in the early days of the studies of “doubly special
relativity” (DSR) theories3 [37, 38].
Let us start by recalling the commutators of the ordi-
nary Weyl-Poincare´ algebra:
[Pµ, Pν ] = 0 , [Pµ,Mρν ] = i
(
ηµρPν − ηµνPρ
)
(46)[
Mµν ,Mρσ
]
= i
(
ηµσMνρ − ηµσMνρ + ηνρMµρ − ηνρMµσ
)
(47)
[D,Pµ] = iPµ ,
[
D,Mµν
]
= 0 . (48)
Denoting withW a generic generator of the algebra (46),
the twist procedure consists in defining new generators
WF = f¯α(W )f¯α (49)
where the twist element F = fα ⊗ fα is given by
F = exp(−iD ⊗ σ) , σ = log (1 + ℓP0) . (50)
and its inverse is denoted by F−1 = f¯α⊗ f¯α (see [32] for
details). It turns out that such twisting procedure only
affects the translation generators and indeed the final
result is
PFµ =
Pµ
1 + ℓP0
, MFµν =Mµν , D
F = D. (51)
It should be noted that an analogous non-linear redefi-
nition of momenta was first proposed by Magueijo and
2 For earlier attempts to the study of Rindler space and accelerated
observers starting from κ-Minkowski space and the associated
deformed κ-Poincare´ algebra see [29–31].
3 Another deformation of the Weyl-Poincare´ algebra, different
from the one we consider in this work, was proposed in [36] in
light of possible applications as a DSR model. In [36] finite boosts
transformations were derived but finite dilations transformations
were not analyzed.
6Smolin in [35] in order to derive a deformation of the
Poincare´ algebra in the context of DSR theories. We will
return to this connection at the end of this Section.
The feature of the twisted kinematics which will be
most relevant for us will be the deformation of the com-
mutators between translation, boosts and dilation gener-
ators. Indeed it will be from such relations which we will
derive a non-trivial action of finite boosts and dilations
which will allow us to define deformed Rindler momenta.
In [32] it was observed that in terms of the “braided”
commutator
[WF , V F ]F = W
FV F − (R¯α(V ))F (R¯α(W ))F , (52)
where R−1 = R¯α ⊗ R¯α is the inverse if the universal R-
matrix associated to the twist F , the twisted generators
(51) obey an undeformed Weyl-Poincare´ algebra. This
translates in the deformed commutators
[MFµν , P
F
ρ ] = i
(
ηρνP
F
µ − ηρµPFν
)− iℓδµ0δνiPFρ PFi (53)
[DF , PFµ ] = iP
F
µ − iℓPFµ PF0 (54)
while all other commutators remain undeformed4. An
important object, for what concerns relativistic kinemat-
ics, is the Casimir invariant of the Poincare´ subalgebra.
It can be immediately seen that the undeformed Casimir
C = PµPµ in terms of the twisted translation generators
PFµ becomes
CF = (PµP
µ)F
(1− ℓPF0 )2
. (55)
Using (53) and (54) we can now derive derive the expres-
sions for finite boosts and dilations. We first boost the
four-momentum (ω,~k) in the 1-direction by a parameter
φ. From (53) we have
dω
dφ
= −i[N1, ω] = k1(1 − ℓω) (56)
dk1
dφ
= −i[N1, k1] = (ω − ℓk1k1) (57)
dki
dφ
= −i[N1, ki] = ℓk1ki , i = 2, 3 . (58)
Substituting the first equation in the second one, we find
a second order differential equation for ω(φ):
∂2ω
∂φ2
+ 2ℓ
(
∂ω
∂φ
)2
1
(1− ℓω) − ω(1− ℓω) = 0. (59)
4 It should be noted that, at a Hopf algebraic level, a crucial role is
played by the notions of coproduct and antipode which describe,
respectively, the action of symmetry generators on tensor prod-
uct and on dual representations (see [39] for a gentle introduction
to Hopf algebras and [40] for the role of antipode and coproduct
in relativistic quantum theory). These structures affect the mul-
tiparticle sector of the theory and, at the kinematical level, are
responsible, among other things, for a non-abelian composition
rule of four-momenta. For the purposes of the present work this
aspect of symmetry deformation will not be relevant and we refer
the reader to [32] for more details.
By solving the above equation and introducing the solu-
tion in eq. (57)-(58), we can find solutions with initial
conditions (ω0, ~k0) for φ = 0:
ω(φ) =
ω0 coshφ+ k01 sinhφ
A
(60)
k1(φ) =
ω0 sinhφ+ k01 coshφ
A
(61)
ki(φ) =
k0i
A
, i = 2, 3 , (62)
where
A = 1− ℓω0 + ℓω0 coshφ+ ℓk01 sinhφ. (63)
In the limit ℓ → 0 one recovers the usual form of the
Lorentz boosts. The salient feature of these deformed
boosts however is that letting the boost parameter go-
ing to infinity, ω and k1 reach a finite limit at 1/ℓ while
k2 and k3 contract to zero. This is a typical DSR fea-
ture and it is analogous to the behaviour of finite boosts
of the κ-Poincare´ algebra found in [41]. Indeed as we
mentioned above a similar deformation of the transla-
tion sector of the Poincare´ algebra was considered in [35]
where deformed boost transformations identical to (60)
were found.
Unlike the framework of the κ-Poincare´ algebra we now
have also the tools for deriving a deformed action of di-
lations on energy and momenta. From (54) we have for
an infinitesimal dilation of parameter δ:
dω
dδ
= −i[D,ω] = ω(1− ℓω) (64)
dki
dδ
= −i[D, ki] = ki(1− ℓω) , i = 1, 2, 3 . (65)
These differential equations can be easily solved for initial
values (ω0, ~k0) at δ = 0 to get
ω(δ) =
ω0
ω0ℓ+ (1− ω0ℓ)e−δ (66)
ki(δ) =
k0i
ω0ℓ+ (1 − ω0ℓ)e−δ , i = 1, 2, 3 . (67)
7Notice that in the case of ordinary dilations both
energy and momentum diverge for δ → ∞ while for
δ → −∞ they vanish. In the presence of deformation
we witness a saturation effect similar to the one encoun-
tered for the twisted boosts. Indeed, while for δ → −∞
both energy and momentum vanish, for δ →∞ we have
lim
δ→∞
ω(δ) =
1
ℓ
lim
δ→∞
ki(δ) =
k0i
ℓω0
(68)
and in particular for a massless field both energy and spa-
tial momentum saturate at the value of 1/ℓ.
Before discussing the relevance of this result for a po-
tential generalization for the notion of horizon let us de-
fine Rindler translation generators. Our strategy relies
on the symmetry arguments given in Section 2. Indeed
we assume that Rindler translation generators associated
to accelerated observers in the 1-direction are obtained
from the deformed Minkowski generators PFµ acting with
a deformed boost in the 1-direction and a dilation in the
η− ξ-plane. This realizes the following 3+1-dimensional
generalization of (14)
PFη =
PF0 coshaη + P
F
1 sinh aη
ℓPF0 coshaη + ℓP
F
1 sinh aη + (1− PF0 ℓ)e−aξ
(69)
PFξ =
PF0 sinhaη + P
F
1 coshaη
ℓPF0 coshaη + ℓP
F
1 sinh aη + (1− PF0 ℓ)e−aξ
(70)
PFi =
PFi
1− ℓPF0 + ℓPF0 coshaη + ℓPF1 sinh aη
, i = 2, 3.
(71)
where we used numeric indices for µ = 0, .., 3 for de-
formed Minkowski generators while we used mixed in-
dices η, ξ and 2, 3 for Rindler generators. The deformed
Poincare´ Casimir can be now used to obtain a deformed
Rindler wave operator
CF = e
−2aξ
(1− ℓPFη )2
[−(PFη )2 + (PFξ )2 + (PF⊥ )2(PFη ℓ+ (1− ℓPFη )eaξ)2] . (72)
As shown in Section 2, in order to derive a for-
mula for the Doppler shift, one first derives the four-
momentum (four-velocity) of an accelerated observer by
anti-boosting by ατ the rest four-momentum (m, 0, 0, 0).
This turns out to be “parallel” to the Rindler time-
translation Killing vector and the proportionality factor
is responsible for the Doppler shift between accelerated
trajectories with different accelerations. In the case of
translation generators belonging to a deformed algebra
we deal with non-linear redefinitions of ordinary Lie al-
gebra generators and thus the vector space structure and
with it the notion of parallelism between vectors are no
longer available.
As stated at in Section 2 our approach will be to define
the deformed Rindler frequency shift simply as a dilation
transformation albeit, in this case, deformed according
to the non-linear structure of the twisted Weyl-Poincare´
algebra5. The resulting deformed Doppler shift formula
is given by an inverse dilation
ωξ =
ω
ℓω + (1− ℓω)eaξ . (73)
which trivially reduces to the usual shift (19) in the limit
of vanishing ℓ. The new feature due to the deformation
5 Notice that this is indeed what one would obtain by mapping
the undeformed Rindler redshift (19) under the twist map (51).
of the Weyl-Poincare´ algebra is that in the limit of an in-
finite contraction ξ → −∞, the “Rindler horizon limit”,
the frequency approaches the maximal Planckian value
of 1/ℓ. Thus we see that the putative Plank-scale effects
encoded in the symmetry deformation realize the com-
mon expectation of “smoothing” out the Rindler horizon
by providing a fundamental frequency cut-off scale. It is
natural to expect that this finite behaviour will reflect on
the state counting for a Rindler field, taming the diver-
gence described in Section 3. This is the analysis that we
carry out in the next Section.
5. MODE COUNTING FOR DEFORMED
FIELDS
In Section 3 we showed that in order to perform state
counting in momentum space we need a mass-shell con-
dition and an integration measure on momentum space.
While we have derived deformed mass-shell conditions
both for deformed Minkowski and Rindler translation
generators we have not discussed so far whether the mo-
mentum space metric should be affected by the deforma-
tion. Unlike the case of the κ-Poincare´ algebra, where it
is well known that momentum space is “half” of de Sitter
space, the geometry of the momentum space associated
to the twisted Weyl-Poincare´ algebra does not have a
clear characterization. A first natural guess for a mo-
mentum space measure would be just to adopt the usual
8flat Lebesgue measure6 dµ(p) = d4p. It turns out that
such measures is not invariant under the deformed boosts
(60)-(62). This feature has been recently noted in [42]
elaborating on the original Magueijo-Smolin DSR model.
It turns out that, as one could have easily guessed, a co-
variant measure can be obtained from a transformation
of the ordinary flat measure into the following deformed
measure via the twist map (51):
dµ(p) =
d4p
(1− ℓp0)5 . (74)
In what follows, for completeness, we will consider both
measures since, as we will see, the Lorentz breaking mea-
sure dµ(p) = d4p will unexpectedly give the most inter-
esting results.
As a warm up let us start from the counting of states
for a field with a deformed momentum space associated
to the Weyl-Poincare´ algebra. As extensively reviewed in
Section 3 we will consider the following density of states
n(E) =
V
(2π)3
∫
E
dµ(p) 2p0 δ(C) θ(p0) , (75)
with the mass-shell C given by (55), for both choices
of momentum space measure dµ(p). In the case of the
Lorentz breaking flat measure dµ(p) = d4p, one obtains
n(E)LIV =
2V
(2π)2
[
E3
3
− ℓE
4
2
+
ℓ2E5
5
]
, (76)
while for the measure (74) we get
n(E)C =
V
(2π)2
1
ℓ3
[
ℓE(3ℓE − 2)
(1− ℓE)2 − 2 log(1− ℓE)
]
.
(77)
These expressions can be used to derive all relevant de-
formed thermodynamical quantities of interest. What is
interesting to check is whether the number of states re-
mains finite in the limit of Planckian (maximal) energy
1/ℓ or not. As it can be easily checked, in the case of a
Lorentz violating measure,
lim
E→1/ℓ
n(E)LIV =
V
(2π)2
1
15ℓ3
, (78)
i.e we have a finite number of states all the way up to the
Planck scale, while in the fully covariant picture,
lim
E→1/ℓ
n(E)C =∞ (79)
showing that, despite the deformation and the maximal
value of the energy, the number of states available to
the system is still infinite. As we will see below this
6 In this and the following sections, for obvious notational conve-
nience, we will drop the superscript F from deformed Minkowski
and Rindler momenta.
divergence will haunt us also in the deformed Rindler
case.
As a next step we evaluate the entropy associated to
both density of states. This can be done considering the
logarithm of the partition function
logQ = β
∫ 1/ℓ
0
dE
n(E)
e
βE
1−ℓE − 1
, (80)
with the deformed Bose-Einstein distribution 1/(e
βE
1−ℓE −
1) the natural choice determined by the twist map (51).
In the Lorentz breaking case, from (76) we find the de-
formed entropy
SLIV = −β2 ∂
∂β
logQLIV
β
=
=
V
(2π)2
β2
15
∫ ∞
0
dx
x4(10 + 5ℓx+ ℓ2x2)
(1 + ℓx)5
eβx
(eβx − 1)2 .
(81)
where in the second line we performed the change of in-
tegration variable x = E/(1 − ℓE). Since in the above
equation the integral converges, the entropy SLIV is finite.
From (77), we can similarly write the entropy associated
to the covariant measure
SC =
V
(2π)2
β2
ℓ3
∫ ∞
0
dx
x [ℓx(ℓx− 2) + 2 log(1 + ℓx)] eβx
(eβx − 1)2 .
(82)
which is again finite. Even though we are not able to
explicitly solve integrals (82) and (81), we can expand
them in series for ℓ→ 0 obtaining
SLIV =
2π2
45β3
− ℓ10ζ(5)
π2β4
+O(ℓ2) , (83)
SC =
2π2
45β3
− ℓ15ζ(5)
π2β4
+O(ℓ2) , (84)
where ζ(n) is the Riemann Zeta function. We see that
the zeroth order term in both cases reproduces the known
result for a gas of massless scalar particles while the firsts
corrections of order ℓ in the two cases differ for a numer-
ical factor.
We now move to the Rindler case. To evaluate the den-
sity of states we start from the following generalization
of (44)
n(E) =
V⊥
(2π)3
∫
R
dξ
∫
dpηdpξdp
2
⊥ 2pηe
−2aξ δ(C)θ(pη) .
(85)
In the deformed case we will consider the integral over
ξ as an integral over all possible values of the dilation
parameter. In the integral over momentum space we will
have to introduce the deformed Rindler mass-shell (72), a
possibly non-trivial measure over deformed Rindler mo-
menta and replace e−2aξ with the square of the deformed
Doppler shift factor
1
ℓω + (1− ℓω)eaξ , (86)
9obtained from (73). The resulting integral is
n(E) =
V⊥
(2π)3
∫
R
dξ
∫
dµ(pη, pξ, p⊥)
2pη
(ℓpη + (1− ℓpη)eaξ)2 δ(C)θ(pη) =
=
V⊥
(2π)3
∫
R
dξ
∫
dµ(pη, pξ, p⊥)
pη(1− ℓpη)2e2aξ
(ℓpη + (1− ℓpη)eaξ)(pηeaξ + ℓp2ξ(1 − eaξ))
δ(pη − ωp)θ(pη), (87)
where ωp is the positive solution of the Rindler mass-shell
(72). Carrying out the calculation using the covariant
measure we obtain the following diverging density of
states
n(E)C =
V⊥
(2π)3
4π
∫ E
0
du u2(1− ℓu)2
∫ ∞
−∞
dξ ae−2aξ.
(88)
To proceed we need to introduce a “brick wall” regulator
at ξ = ξmin and, carrying out the energy integral, we
obtain
n(E)C =
V⊥
(2π)2
e−2aξmin
a
[
E3
3
− ℓE
4
2
+
ℓ2E5
5
]
. (89)
Quite interestingly, evaluating the integral in (87) using
the Lorentz breaking measure we obtain the following
finite density of states
n(E)LIV = − V⊥
(2π)2
1
6a
1
ℓ3
log(1− ℓE), (90)
which diverges in the limit of vanishing ℓ thus reproduc-
ing the standard result. We thus come to the conclusion
that, despite the finite blueshift introduced by the sym-
metry deformation, a finite density of states can be only
obtained, in the particular model considered, by intro-
ducing features which break Lorentz invariance.
It is instructive to evaluate the entropy associated to
the densities of states we just derived for a deformed
Rindler field. For the covariant measure, from (89), we
obtain
SC =
V⊥β
2e−2aξmin
60π2a
∫ ∞
0
dx
x4(10 + 5ℓx+ ℓ2x2)
(1 + ℓx)5
eβx
(eβx − 1)2 ,
(91)
where, again we set the integration variable to x =
E/(1−ℓE), while for the Lorentz breaking measure, from
(90) we get
SLIV =
V⊥
(2π)2
1
6a
β2
ℓ3
I , (92)
with
I =
∫ ∞
0
dx
x log(1 + ℓx)eβx
(eβx − 1)2 (93)
a finite integral. Thus, as expected, the entropy of the de-
formed Rindler field in the presence of the Lorentz break-
ing measure converges. Let us write down the leading
terms in these two entropies, and check whether they re-
produce the area-law when are evaluated at the Unruh
temperature TU = a/2π. We have
SC|β= 1
TU
=
V⊥e
−2aξmin
a
[
π2
45β3
− ℓ5ζ(5)
π2β4
+O(ℓ2)
]
β= 1
TU
=
=
V⊥a
2e−2aξmin
360π
− ℓV⊥a
35ζ(5)e−2aξmin
16π6
+O(ℓ2) ,
(94)
SLIV|β= 1
TU
=
V⊥
a
[
1
72βℓ2
− ζ(3)
8π2β2ℓ
+
π2
270β3
+O(ℓ)
]
β= 1
TU
=
=
V⊥
144πℓ2
− V⊥a
ℓ
ζ(3)
32π4
+
V⊥a
2
2160π
+O(ℓ) .
(95)
In both cases we reproduce the area law S ∝ A ≡ V⊥, as
in the Bekenstein-Hawking formula. For SC the zeroth
order contribution in ℓ depends on the brick-wall length
scale ǫ ∼ eaξmin/a in analogy with the result of [6]. It is
interesting to note in the zeroth order term in SLIV the
deformation scale ℓ plays the role of natural regulator
and for ℓP = 6
√
πℓ reproduces the Bekenstein-Hawking
relation (1).
6. DISCUSSION
In this work we provided a characterization of the kine-
matics of accelerated observers within the framework of
deformations of relativistic symmetries. These deforma-
tions have been widely studied in the literature as modi-
fications of ordinary relativistic kinematics encoding pu-
tative Planck scale effects possibly emerging in a “flat-
space-time limit” of quantum gravity. We focused in par-
ticular on modifications of the frequency shift associated
with Rindler space translation generator and the density
of states of a field near the accelerated horizon.
We started by recasting the construction of Rindler
space and time translation generators in terms of the
action of the Weyl-Poincare´ group and evidencing the
relationship between space-time dilation transformations
10
and the notion of accelerated horizon seen as the locus
reached with an infinite inverse dilation. We then con-
sidered a specific example of deformation of the Weyl-
Poincare´ algebra constructed via a twist procedure, re-
cently considered in the literature. A first result was the
derivation of finite boosts and dilation transformations
associated to the deformed algebra which evidenced that
energy and momentum reach a finite, Planckian, value in
the limit of boost and dilation parameter going to infinity.
A similar behaviour for boosts was first explored in the
context of DSR models in which the Planck energy is in-
troduced as an observer independent energy scale [37, 38].
Quite interestingly the deformed boost transformations
which we derived coincide with those proposed in one of
the early DSR works [35]. Our results also exposed a
similar behaviour for dilations which reflects in a finite
blueshift for the frequency of a field mode in the limit of
infinite inverse dilation, i.e. at the Rindler horizon.
Having laid down the basics of deformed Rindler kine-
matics we explored the behaviour of a massless field close
to the Rindler horizon. In particular we focused on the
density of states, used to derive the area dependent en-
tropy in the brick-wall model, which in ordinary Rindler
space diverges due to the infinite blueshift at the horizon.
We found that, despite the finite frequency shift at the
horizon, adopting an integration measure in momentum
space covariant under deformed boosts, one obtains a di-
verging density of states. Adopting instead an ordinary
momentum space measure, and thus violating Lorentz in-
variance, produces a finite density of states. Thus in the
particular deformation of the Weyl-Poincare´ we consid-
ered the volume of phase space described by the covari-
ant measure leads to a divergent density of states (and
associated thermodynamic quantities). This, of course,
does not exclude the possibility that there might be other
types of deformation of the Weyl-Poincare algebra which
might lead to a finite density of states at the Rindler
horizon without resorting to the introduction of features
which break Lorentz symmetry. Exploring such possibil-
ity would indeed be an interesting direction for future
work.
Finally, it is interesting to note that the analysis we
presented suggests that the commonly accepted view
that quantum gravity should lead to a finite entropy
density associated to any local Rindler horizon, supports
the case for a departure from the ordinary description of
relativistic symmetries at the Planck scale, be it in the
form of a breaking or deformation of Lorentz symmetry.
Hopefully this could provide some valuable insight on
the current puzzles concerning black hole quantum
radiance.
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